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Announcement ① HWI - HW 4 are  marked and are ready for pick  up .

② Extra  office how for Midterm : I 6 Oct ( Wed ) : 10:30 - 12:00

Notation ( C [ a. b ]
,

Hell
,

I resp . Hello ) ) normed space  of continuous  functions

endowed with L
'

-

norm I resp .  sup
-

norm )

where . C [ a. b ] = { 5 :[ a , b) → IR I -5 : continuous }

. Its He :  = Sab HI

• Ht Ho ÷  ftp.u.ftslxsl }



Q1 ) I Ex
.

5. Q 3) Define Io : Cta , b) → IR as Iot ) - fbaftixdx
.

Show  that Io  is  continuous  with respect to ll.lk and Hills .

Sol ) Case for ( Club )
,

Hills ) : Define an  auxiliary function h : IR → IR by

hly ) = Tty ; Then h
'

Ly ) = ¥yi2y = Iffy. E I
,

for  all ye IR
.

Showing &  is Lipschitz.  continuous : For  any -5,9 E Cta
. b)

,

I Ets ) - Edgy = I Sab GFS '*Ag¥dx I = fab I htt xD - hlglxslldxl

S Sab 1h Ifi  xD - hlgcxslldx E Sab 1h49 KD Hflxs - glxsldx l By Mean Value Theorem )

S Sab If - gldx  = Its -9112

.

'

.
Z is Lipschitz  continuous

,
and hence continuous

.

Case for ( Club )
,

Hell
.
) : Recall that Hills  is  stronger than Holle :

HF
Ik = Sab

IF
lxildx s l b - a)

Hello
,

for  all F E Cta , b ]
.

.

'

. For  any -5,9 E Cta
, b)

,

I Bts ) - 81911 E Hf -91k E lb - a) Hf -

g Has

:
.

B is  also ( Lipschitz ) continuous
.



Q2
) I Ex

.
5. Q

4)
Fix  xoeta.is ]

.

Define It : Cta , b) → IR as

Its
) - Tko )

.

Show  that I is  continuous  with respect to Hills but not for Halls
.

Sol ) Case for ( Club )
,

Hello)
: Showing I is Lipschitz  continuous :

For  any -5,9 E Cta
, b)

,

I It )
-

Zig ) 1=154101 - ghosts Hf - ghg

Case for ( Club )
,

Hells ) : Constructing LET E Cta 'D such that

Its ) =L for  all new but hints HEH
.

- O :

Assuming

Xo  4 a. b

Define grit -

i. D → IR as

now's ,

.  
in

i.

a i
.

"  "

"
"t÷÷÷÷÷÷÷÷÷:

"

::*
Yoff)

,

as X Exo Y ' fuk )

and fix ) :  =

I .

;

{ Gd
.

* * s b ziti!!
}

, ×

Then for  all
n EIN

,

Kita ) = Tnlxo ) =

Onto
) =L

;
HEHEPatt

=

lfftbxotfklxo
- a) 59191-1lb .xdtolgnl = hot  a) Eat I b - xD En = L b - a) In

i. linmllfn HEO

For Xo  
=  a  or b

,
use  the

"

left half
"

or

"

right half
"

of gn  instead .



Q 3) I Ex
.

5. Q 7) Let P := { SECTA , b) I -54730
,

for  all x e
 Eats ] }

Show  that PE ( Claim
. Holla ) is NOT

open .

Sol ) It suffices to show that given any

FEP
,

E > O
,

there exists

y

help
such that

Its
-

HIKE
^

*  six ,

Q2
,

Finna,

Fix Xo # a. b
,

In :[ a. b ] → IR as in
ya

a
Xo

] > ×

hn :[ a

.BA/Rbyhnlxs=-Slxs-tSixos+iy-Sniiij--t

b

then for  any netN.hn/Xo)=flxD-(flXoHl)o1--- I so
.

.

'

. hn ¢ P

Also
,

115
-

hntk-fabl-lxs-tlxt-tscxsthfnlxdldx-I-lxostilfatnl-I-lx.it/lb-

a) In

i. Define h =hw  .  where NEIN satisfies that  it ( b - a) IN-

LE
.

then help and It - htt
, CE

.


